Fourier series - tasks ( 1I- part)

Primer 4.

Function f(x)= |x| —1 developed in Fourier series on the interval [—1,1] and find sum Z 1) .
2n—

Solution:

Asis f(—x)= |—x| -1= |x| —1= f(x) we conclude that the function is even .

We use the formula:

f(x) :%ao +Z(an cos?ﬂan sin?)

n=1

:Hlf(x)dx an:%.[f(x)cosn—ilzxdx b =0
:%:flf(x)dx:%:fl(x—l)dx:2£(x—1)dx=2(§—xj/é:—l

1 1
jf(x) cos—dx - j(x—l) cosn—Txdx =2[(x~1)cos nmxds
_1 0

As always, we will solve this integral with the help of partial integration:

x—1=u cosnzxdx=dv

I . 1 .
I(x—l) cos nzxdx = 1 . =(x—1)-—sin nﬂx—I—SID nrxdx =
dx=du —sinnrx=v nx n
nw

(x—Dsinnzx 1 ¢ . (x—Dsinnzx 1 1

z———jsmnﬂxdx ==———"——"—+——COSHNTX
nrx nrx nrw nw nw

(x—1)sinnzx

= COSNTX

nrw (nr)’

Now get back to put boundaries:

1 _ . 1
a,= 2J- (x—1)cosnmxdx =2 (x=Dsinnzx + ! ~cosnax |/ =
0 nx (nr) 0
5 (1—1)smn7r1+ 1 _cosnrl |- (O—l)smnﬂ0+ 1 _cosnz0
nx (nr) nx (nr)

1 1 2
2((;47[)2 cosn;r—(mz)zj—(mz)2 (cosnz—1)= (mz) (( 1)" —1)



Similar to the previous examples, think of even and odd #, and is:

0, n=2k
an :{_iz, nzzk_l
(nm)

Now we're going to formula:

fx)= lao + Z(an cos@m sinnlﬂ)

N (2k—1)7zx
X)=|x|— 1—— -

1 4 cos(2k—1)7zx
-l=-sm5 ) ————

2 s (k-1
Let's look at requested sum : z !

n=1 (27’1_ )

14 &eos(Zk-1)z0
0-1=->-—

2 e (2k-1)

| 4 &
__5__22(% 1)

T k=1

4 1 |& 1 n’
Ay ol Lo
7[ k=1 (2k 1) 2 k=1 (2k _1) 8

Example 5.

Function f(x) =x-2  developed in Fourier series on the interval [1,3] .

Solution:

We must use the formula:

1 > 2nwx 2nrwx
xX)=—a, + a. cos +b sin
f( ) 2 0 ;( n b—a n b—a)
b b
2 [ £y @ ——2_ [ £(x)cos 2n7x
—-as b-a- -

So,we have:

b =——
b—a

b

. 2nrw
j f@sin=

X

. We see that in our series we have toput x=0:

dx
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aozij(x—z)dxz 2P VRN M I LS P
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2nwx

2 3
a =——|(x—2)cos dx =
n 3_1{( yeos=

3
= j(x —2)cosnmxdx
1

To solve this first without borders:

x—2=u cosnxxdx=dv

1 . 1 .
I(x—Z) cos nzxdx = 1 . =(x—2)-—sin nﬂx—I—SID nrxdx =
dx=du —sinnzx=v nx nrw
nrw
—2)si 1 ¢. —2)si 1 1

= (x=2)sinnzx ——jsm nrxdx == (x=2)sinnzx +——cosnwx

nrx nrx nrx nw nw

(x—2)sinnrx

= > COSNTX

nr (nr)

[ (x—2)sinnrx 1 3
a,= .[(x —2)cosnmxdx = + scosnax |/ =
1 nrw (nrx) 1
_ (3—-2)sinnx3 N 1 _cosna3 |- (1-2)sinnrl N 1 _cosnrl |=
nrx (nr) nrx (nr)
sin3nx 1 sinnz
= + ~ €083 - —cosnzw
nx (nr) nr  (nr)
= —cos3nz — —COoS Nz
(nr) (nr)
cos3nm —cosnr
(nr)? [ |

OH'Bsina_'B

Remember trigonometric formula: cosa —cos f =-2sin

a,= ! ~[cos3nz —cosnz]= [-2sin2nx-sinnz]=0—>|a, =0
(nr) (nz

)2

More to find:

2 ¢ 2nrwx ;
b =——|(x—2)sin dx =|(x-2)sinnzxdx
: 3_1!< )sin= !( )

-1

, if we use it:



x—2=u sinnzxdx=dv

I(x—Z) sin nrxdx = 1 =—(x-2) -Lcos nrx+ J-Lcos nrxdx =
dx=du ——-cosnzx=v nx nx
nw
_ —(x—2)cosnrx +LJ‘cos wrrdy = — —(x—2)cosnrx +Lisin -
nrw nw nw nw nx
—(x—2)cosnmx )
= >sinnzx
nx (nr)
To insert boundaries:
3
. —(x-2 |
b = I (x—2)sinnzxdx = (x=2)cos nzx >sinnzx |/ =
1 nx (nr) 1
—-(3-2 . —(1-2 |
(3=2)cosnz3 + —sinnz3 (- ( Jcosnzx + —sinnzl | =
nx nx nx (nr)
cosnr3 cosnmx 1
- - =——(cos3nz +cosnr)
nrw nrw nrw
Again must use formula for cosa +cos f=2cos d ; P cos < ; P
1 1 2 n 2’ n+l
b, =———(cos3nz +cosnr)=——2 cosnm =——(=1)" =—(-1)
nrw AT this is 1 nrw nw
bn — (_1)n+l i
nrw

Now we're going to formula:

+b, sin )

2nwx . 2nmx
b—a b—a

f(x)z%a0 +i(an cos

Beware:
f(1-0)=1, f(1+0)=1 and {(3-0)=1, f(3+0)=-1

See image:



<V

then is:

il 2 2nrwx
S(x)=) (=)' —sin
(x) ;( ) —sin=

i 2 . x—-2, xe(3)
S(x)=) (-1 =sinnzx =
) ,,Z::‘( ) nx { 0, xe{l,3}
Example 6.
x, xe€(0,1)

Function f(x)= { } develop in series by:

2—-x, x€[l,2]
a) by sine

b) by cosine

Solution:
a)

| x, xe(0,1)
f(x)_{z—x, xe[1,2]}

In order to develop this function by sinus, we must make it to be an odd function

It will do the following:

2—-x, x€[l,2]
F(x)= x, xe(-L1)
-2-x, xe[-2,-1]



Let's look at how this function looks in the picture:

1
N
1
—_—
S
=
N
<Y

Of course that here a, and a, are equal to zero and we ask: b, = % .[ f(x) sin?dx

niwx

j f(x)sm—dx—— j f(x)sm—dx——i f(x)sinﬂzxdxzi f(x)sin”—;”dx

2 1 2
nITx nrwx
b sm—dx xsin——dx+ | (2—x)sin——dx
b, = [ f(x)sin="=dx=[xsin= !( )sin=—

0 0

After solving these integrals, the method of partial integration, in a similar way as in the previous examples we have

We are considering how behave smT We know that n takes the values 1,2,3 .

For n=1 sinﬂzsinzzl
2 2
. nw . 2
For n=2 sin—=sin—=0
2 2
For n=3 sinﬂzsin?)—ﬁ:—l
2 2
. nw . 4r
For n=4 sin—=sin—=0
2 2
. NTw . Sz
For n=5 sin—=sin—=1
2 2
. NTw . br
For n=6 sin—=sin—=0
2 2
etc.



0, n=2k
Therefore, we conclude: b, = { 8

D 2k +1) 77

n=2k+1 k=0,1,2,3.......

_8& (D) (QCk+D7x _
F(x)—”2 Z;‘(Zk+l)2 sin 5 , for x e[-2,2]

b)
For the development function by cosine we have to do as follows:

x+2, xe[-2,-1]
F(x)= |x, xe(-L1)
x—=2, xe€[l,2]

The function is shown in the following picture :

L I
Of course, itisnow 5, =0 and: g, :%J-f(x)dx a, :%.[f(x) cosn_jlzxalx

a, =%j-lf(x)dx=%:[f(x)dx

a, :%jf(x)dxzjf(x)dx:jxdx+j(2—x)dx:1



jf(x) cos—dx ——jf(x) cosn—;[xdx

2 1 2
nIx nrx nix nwx
a =— x)cos——dx = x)cos——dx = | xcos——dx+ | (2—x)cos——dx
. 2J;f( ) > !f( ) > ! 2 Jl-( ) 2

Solve these integrals and we get:

4
a = cos— ——— (1 +cosnr)
T nrw

: ) nr )
Let's consider how it behaves term COS? for different n .

For n=1 cosﬂzcoszzo
2 2
7¥/4 27

For n=2 cos— =cos—=-1
2 2
7¥/4 kY4

For n=3 cos— =cos— =0
2 2

For n=4 cos—:cos%[—l

So, if n=2k+1 ,then a, =0

Let's look at an even n, but the formn =4k or n=4k+2fork=0,1,2,3 ... ...

For n=4k
8 nr 4
a = cosS— ———(1+cosnr
" ontnt 2 I’l272'2( )

L8 dkr 4
4k 2 (4k)’n?

8 4
l+cosdkn)=———cos2kn ——(1+1
( ™) = kiR T e D

:1616%0052k7z—16k%cos2k7z =0
Vs Vs

For n=4k+2



a = 8 COSﬂ—i(1+COSI’lﬂ')
"on'n’ 2 n'r’
8 (4k+2) 4
a,, = >—5 COS - —
4k+2)y' 2 4k+2)'x

= /4(216/:{ 7 cos 5\(2]\(; Dz /((2]{{1)2 - (1+cos2x(2k +1))

(1+1)

(14 cos(4k +2)x)

-2 c0s(2k + Nr——-—=—
(2k + 1) T This is —1 (2k + 1) T

2 2 [ 4
Qk+11°7> Qk+1’7 | Qk+1)1’7°

Finally we have:

1 4 icos(2k+l)ﬂx 1 ii cos(2k +1)zx

O

. x€(0,2] and  F(x)=—-
2 A& ke o @A an *)

2 e (Qk+1)

2

e[-2,2]



